We introduce the notion of an alternate product of Frobenius manifolds and we give, after Ciocan-Fontanine et al., an interpretation of the Frobenius manifold structure canonically attached to the quantum cohomology of G(r, n + 1) in terms of alternate products. We also investigate the relationship with the alternate Thom-Sebastiani product of Laurent polynomials.
Introduction
It is known that the Frobenius manifold structure attached canonically to the quantum cohomology of the complex projective space P n can also be obtained, in a canonical way, by considering the Laurent polynomial f (u 1 , . . . , u n ) = u 1 + · · · + u n + 1/u 1 · · · u n on the torus U = (C * ) n and its associated Gauss-Manin system (cf.
[Bar00]).
The main result of [CKS06] applied to the case of the complex Grassmann variety G(r, n + 1) of r-planes in C n+1 explains how to compute the Frobenius manifold structure canonically attached to the quantum cohomology of G(r, n + 1) in terms of that of P n .
In this article, we introduce the notion of an alternate product of Frobenius manifolds and we give an interpretation of the previous result in terms of alternate products.
On the 'mirror side', let us consider the following data:
• the affine variety U (r) obtained as the quotient of the r-fold product U r by the symmetric group S r ;
• the function f (⊕r) on U (r) induced by the r-fold Thom-Sebastiani sum f ⊕r : U r → C;
• the rank-one local system L on the complement of the discriminant (image of the diagonals) in U (r) , corresponding to the signature sgn : S r → {±1}.
We show that the Gauss-Manin system attached to these data is the r-fold alternate product of that of f , making these data a candidate for being a 'mirror of the Grassmannian'. The contents of this article are as follows. Section 1 recalls the correspondence between Frobenius and Saito structures on a manifold. The point of view of Saito structures (primitive forms) enables us to use the results of Hertling and Manin [HM04] to generate Frobenius manifold structures.
This construction is applied to tensor and alternate products in § 2. We express the quantum cohomology of the Grassmannian, as a Frobenius manifold, in terms of the alternate product of that of the projective space in Theorem 2.13, which is mainly a reformulation of [CKS06, Theorem 4.1.1(a) ] in this context.
In § 3, we show that the Gauss-Manin system, with coefficients in the local system L, of the function f (r) considered above can be obtained as the r-fold alternate product of the Gauss-Manin system of f .
In § 4, we recall the notion of canonical Frobenius manifold attached to a Laurent polynomial satisfying generic assumptions, and we conclude that the Gauss-Manin system of the pair (f (⊕r) , L) on U (r) is also obtained from the quantum cohomology of the Grassmannian.
Saito and Frobenius manifold structures
In this section we work in the category of punctual germs of complex analytic manifolds, although most of the results can be extended to simply connected complex analytic manifolds. We denote by O M the local algebra of M , by m its maximal ideal and by Θ M the tangent bundle of M .
Pre-Saito structures
We refer to [Sab02, § VI.2 .c] for more details on what follows. By a pre-Saito structure (without metric) on M we mean a t-uple (M, E, ∇, R ∞ , Φ, R 0 ) where:
• E is a vector bundle on M ;
• ∇ is a connection on E;
• R 0 , R ∞ are O M -linear endomorphisms of E;
which satisfy the following relations: In particular, ∇ is flat and Φ is a Higgs field. These conditions are better understood by working on the manifold M × A 1 , where A 1 is the affine line with coordinate z. Let π : M × A 1 → M denote the projection. Then, on E := π * E, the connection ∇ defined by
is flat if and only if the previous relations are satisfied. We also denote a pre-Saito structure by (E, ∇).
Let us fix local coordinates x 1 , . . . , x m on M and let e be a ∇-horizontal basis of E. We also set 1 R ∞ (e) = e · (−B ∞ ), Φ ∂x i (e) = e · C (i) (x), R 0 (e) = e · B 0 (x).
Then the previous relations reduce to the constancy of B ∞ and to
(1.2)
where ∇ and Φ are understood to be linearly extended to f * Θ M , and L η denotes the Lie derivative with respect to η. If (M, E, ∇, R ∞ , Φ, R 0 ) is pre-Saito structure on M , then so is its pull-back on N . If f is a closed immersion, then we say that (E, ∇) is a deformation of f * (E, ∇). Example 1.3 of a deformation. Let us start with a pre-Saito structure on a point, that is, a triple (E o , R ∞ , R o 0 ), where E o is a finite-dimensional vector space and R ∞ , R o 0 are two endomorphisms of E o . We consider the following "trivial" one-parameter deformation (A 1 , E = O A 1 ⊗ C E o , ∇, R ∞ , Φ, R 0 ) (parametrized by the complex line A 1 with coordinate x), with
The only non-trivial relation to be checked is
which follows from the definition of R 0 , as Φ ∂x = −R 0 . Let us remark that, according to this relation, any one-parameter deformation with Φ ∂x = −R 0 (x) is isomorphic to the previous one. One can also remark that the eigenvalues of R 0 (x) are e x times the eigenvalues of R o 0 . Last, let us note that, if R ∞ is semisimple with integral eigenvalues, we can define the family in an algebraic way with respect to the variable λ ∈ C * , by replacing e x with λ.
Remarks 1.4 on Example 1.3.
(1) From the point of view of the data (E, ∇), the construction of Example 1.3 only consists of a rescaling in the variable z. On E o we have the connection
Let us now consider the rescaling
ρ * : C[λ, λ −1 , z] −→ C[λ, λ −1 , z], λ −→ λ, z −→ λz.
The inverse image of ∇ by this rescaling is
It has Poincaré rank one along z = ∞ (we are not interested in the behaviour when λ → 0 or λ → ∞). Up to now, the construction is algebraic. However, we need to change the trivialization so that ∇ takes the Birkhoff normal form. In order to do so, we pull back (E, ∇) by the uniformization C → C * , x → λ = e x , and we change the trivialization using e xR∞ . Let us also note that the uniformization λ = e x is not needed if R ∞ is semisimple with integral eigenvalues. (2) The construction of Example 1.3 can be done starting from any pre-Saito structure
If the kernel of Id + ad R ∞ is non-zero, then there could exist other pre-Saito structures (i.e. other Φ) with the same R 0 .
(3) The construction of Example 1.3 can be iterated, using (2), but this does not lead to any interesting new deformation.
Let i : M → N be an immersion. We say that a pre-Saito structure (E N , ∇ N ) on N is a universal deformation of its restriction (E, ∇) := i * (E N , ∇ N ) if any other deformation of (E, ∇) comes from (E N , ∇ N ) by a unique base change inducing the identity on M .
If (M, E, ∇) is a vector bundle with flat connection, then there is no loss of information by fixing
, where E o = ker ∇ is the space of ∇-horizontal sections of E, which can also be identified with E/mE.
, which can be regarded as a section of Ω 1 M ⊗ C E o , and which is called the infinitesimal period mapping attached to ω o . The conditions dΦ = 0 and dω = 0 imply 
Let N be a germ of complex analytic manifold along M and let i : M → N denote the immersion.
Then, there is a one-to-one correspondence between deformations
the correspondence being given by
Proof. We set O M = C{x} with x = (x 1 , . . . , x m ) and O N = C{x, y} with y = (y 1 , . . . , y n ). On the one hand, it is easy to check that ϕ defined by ( * * ) satisfies properties ( * ). Let us thus start, on the other hand, with ϕ satisfying ( * ). Clearly, if a deformation exists, then 1 N ⊗ ω o is horizontal. We can therefore argue by induction on n and assume that n = 1. We thus set y = y 1 . Let us also remark that, under the assumption on ω o , the images of ω under the iteration of the maps
Let us fix a basis e o of E o . We then get matrices C (i) (x), B 0 (x) and B ∞ satisfying (1.2). If the desired pre-Saito structure exists, it must have 1 ⊗ e o as a horizontal basis. So, we search for C (i) (x, y), D (x, y), B 0 (x, y) (and we set B ∞ = B ∞ ) satisfying (1.2) with one variable more (where D is the component of C on dy). One sets
k (x)y k , etc., and one computes inductively the coefficients C 
That all desired relations at the level k + 1 are satisfied is then easily verified. It remains to prove convergence. This is done in [HM04] .
Remark 1.6. Let us assume that the conditions of the proposition are fulfilled. Given
as in the proposition is determined in a unique way from ψ = j ψ j dy j provided that ψ is d y -closed. Therefore, there is a one-to-one correspondence between the deformations (N, In particular, if we fix
, there exists ψ(x, y) which is d y -closed and restricts to ψ(x, 0) at y = 0. Therefore, given any such ϕ, there exists a deformation (N, 
Proof. As above, let us identify (E, ∇) with (O
Such a deformation is not unique, but one can obtain any such deformation from a given one through a unique base change N → N , and it is tangent to the identity when restricted to M .
Concerning uniqueness, one also obtains the following. 
The generating condition of Proposition 1.5 is satisfied, hence there exists a universal deformation of the one-parameter pre-Saito structure defined in Example 1.3, parametrized by E o . Setting ω = 1 ⊗ ω o , and denoting by x 1 the coordinate on A 1 , the map
and we have
Using the notation of Remark 1.6, let us set
and induces a local biholomorphic map χ : 
In such a case χ ω is a parametrization of the line
this point is at infinity, so does not have to be deleted). Moreover, for any
is the universal deformation of the germ at x o of the pre-Saito structure constructed in Example 1.3. In the local coordinates (x 0 , . . . , x d−1 ), we have Φ ∂x j |A 1 = R 0 (x 1 ) j : indeed, this holds when applying both operators to ω o ; as ω o is a cyclic vector for R 0 (x 1 ) for any x 1 , and as Φ ∂x j |A 1 commutes with R 0 (x 1 ), we get the desired assertion.
We mainly consider this case later on, and we then denote by
Pre-Saito structures with a finite group action
Let M be a punctual germ of complex manifold and let us assume that M is acted on by a finite group W of automorphisms. For w ∈ W, we denote by w : M → M the corresponding automorphism and by w * : O M → O M the associated morphism of C-algebras. The fixed subspace M W is also a smooth analytic germ.
The Grassmannian and alternate Thom-Sebastiani
If E is a free O M -module, we say that the action of W lifts linearly to E if, for any w ∈ W, there exists an isomorphism a w : E → w * E and, for any w, w ∈ W, the following diagram commutes.
In particular, the restriction E |M W is equipped with a linear action of W . For instance, there is a canonical linear lifting of the W-action to the tangent bundle Θ M , if we set a w = T w : Θ M → w * Θ M , and we have
Given a pre-Saito structure (M, E, ∇, R ∞ , Φ, R 0 ), we say that the W-action on M lifts linearly to (M, E, ∇, R ∞ , Φ, R 0 ) if it lifts linearly to E and each a w induces an isomorphism of pre-Saito structures. If we fix the horizontal trivialization (E, ∇)
In particular, W acts C-linearly on E o and a o w commutes with R ∞ and
. We say that ω is W-equivariant if, for any w ∈ W, we have w
If ω is W-equivariant, then the following diagram commutes.
Moreover, E o is naturally equipped with a W-action (coming from the linear action on E o ) and
W-equivariant version of Proposition 1.5 and Corollary 1.7 Let (M, E, ∇, R ∞ , Φ, R 0 ) be a preSaito structure with W-action and let ω o ∈ E o . Let us assume that ω o is W-invariant and let ω be its flat extension, which is W-equivariant.
By a W-equivariant deformation of (M, E, ∇, R ∞ , Φ, R 0 ) we mean a deformation parametrized by N ⊃ M with a W-action, such that M is left stable by the W-action on N , and which restricts (with W-action) to (M, E, ∇, R ∞ , Φ, R 0 ). Proposition 1.5 can be extended as follows.
Corollary 1.12. With the assumptions of Proposition 1.5, let us moreover assume that:
the diagram corresponding to (1.11) commutes).
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Proof. Starting from a W-equivariant deformation, and as ω o is W-invariant, the associated ϕ is easily seen to be W-equivariant. Conversely, if ϕ is W-equivariant, then we have two deformations of (M, E, ∇, R ∞ , Φ, R 0 ) defined in coordinates x on N by R ∞ , R 0 (x) and Φ ∂x i (x) on the one hand, and by ( 
For the proof, one notices that, by induction, the matrices C
W is the base space of a universal deformation with linearized W-action of (M, E, ∇, R ∞ , Φ, R 0 ) (same proof as for Corollary 1.7).
(3) Corollaries 1.8 and 1.9 can be extended in the same way.
Remark 1.14. Let (M, E, ∇, R ∞ , Φ, R 0 ) be a pre-Saito structure with a (not linearized) W-action, and let ω o ∈ E o be W-invariant. Let us assume that ω o fulfills the conditions in Corollary 1.7. Then the universal deformation with parameter space E o comes equipped with a (non-linearized) W-action. The restriction of this deformation to the subspace ( E o ) W therefore has a linearized W-action. However, it may not be, as such, a universal deformation with linearized W-action of
One can ask whether there exists an interesting smooth subspace contained in
the universal deformation with linearized action of its restriction to this subspace.
Metric
Definition 1.15. A pre-Saito structure (M, E, ∇, R ∞ , Φ, R 0 , g) (with metric) of weight w consists of the following data:
(1) a pre-Saito structure (without metric) (M, E, ∇, R ∞ , Φ, R 0 ) as in § 1.1;
(2) a nondegenerate symmetric O M -bilinear form g on E which satisfy the following relations, denoting by * the adjoint with respect to g:
Let us note that Φ * = Φ means that for all ξ ∈ Θ M , (Φ ξ ) * = Φ ξ . 
) is a pre-Saito structure of weight w.
Proof. In the proof of Proposition 1.5, let us choose the basis e o so that it is orthonormal with respect to g o . Assume, by induction, that the matrices
k+1 /∂y and ∂B 0, k+1 /∂y are symmetric, hence also C
18. The adaptation of the previous result with W-action is straightforward.
Frobenius manifolds
We still assume that M is a punctual analytic germ. Let us recall well-known results (see, e.g., [Sab02, ch. VII] ). (c) e is a unit for and is ∇-horizontal;
Definition 1.20. Given a pre-Saito structure (M, E, ∇, R ∞ , Φ, R 0 , g) of weight w, we say that a ∇-horizontal section ω of E is:
(1) primitive if the associated period mapping ϕ ω : Θ M → E is an isomorphism;
A pre-Saito structure (M, E, ∇, R ∞ , Φ, R 0 , g) of weight w equipped with a primitive homogeneous section ω is called a Saito structure.
If ω is primitive and homogeneous, ϕ ω induces a flat torsion-free connection ω ∇ on Θ M , and an associative and commutative O M -bilinear product , with e = ϕ −1 ω (ω) as unit, and ω ∇e = 0. The Euler field is
If we set D = 2q + 2 − w, we have, for ω g induced by ϕ ω as above: Proof. Let us give the correspondence (M, , g, e, E) → (M, E, ∇, R ∞ , Φ, R 0 , g). We define:
• ∇ is the Levi-Civita connection of g;
) be a pre-Saito structure. If ω is a primitive homogeneous section of E, then so is λω for any λ ∈ C * . It gives rise to the Frobenius manifold structure (M, , λ 2 g, e, E). In particular, ω and −ω give the same Frobenius manifold.
) be a pre-Saito structure of weight w. Let ω ∈ E be a ∇-horizontal section. We say that ω is pre-primitive if it satisfies the following properties:
(1) ω o and its images under the iterates of
We say that ω is strongly pre-primitive if it moreover satisfies:
The third condition is only useful when considering tensor products. Let us note that, because of this condition, a primitive section is not strongly pre-primitive. Let us also note that the generating condition is somewhat stronger than what is needed to apply the results of Hertling and Manin, as R o 0 is not used in Definition 1.24(1). This is also useful when considering tensor products. On the other hand, adding a new parameter as in Example 1.3 enables us to skip R o 0 in the generating condition of Hertling and Manin.
From Corollary 1.7 we get obtain the following. 
0 and the inclusion above is in fact an equality.
Example 1.28 (Quantum cohomology of the projective space). Let us consider the pre-Saito struc-
with the pre-primitive form ω o given by the following data: 1 is given by the linear map χ ω (x) = (n + 1)xω o 1 , and the Frobenius manifold structure is defined along this line. Working in the flat coordinate t 1 = (n + 1)x, the pre-Saito structure at the point
Moreover, by construction, we have Φ ∂t i (ω o ) |A 1 = −ω o i for any i, and therefore, denoting now Let us start with pre-Saito structures. The tensor product of two pre-Saito structures
) on a given manifold M , of respective weights w and w , is (M, E , ∇ , R ∞ , Φ , R 0 , g ), with:
• Φ = Φ ⊗ Id + Id ⊗Φ ;
This produces a pre-Saito structure of weight w = w + w . Let us note that, from the point of view of the connection ∇ defined in (1.1), the tensor product is associated to the tensor product connection on E ⊗ O M [z] E . Given r 2, we can similarly define the r-fold tensor product, the r-fold symmetric product and the r-fold alternate product of a pre-Saito structure. From the point of view of (E, ∇), they correspond respectively to the natural connection ∇ on
Let us now consider two pre-Saito structures (M
The external tensor product of these pre-Saito structures is, by definition,
where the pull-back p * i (i = 1, 2) has been defined in § 1.2. The external tensor product has weight w 1 + w 2 . We denote it by .
Lemma 2.1. Assume that ω 1 , ω 2 are strongly pre-primitive horizontal sections of E 1 , E 2 . Then ω = ω 1 ω 2 ∈ E 1 E 2 is a strongly pre-primitive horizontal section of E 1 E 2 .
If moreover ω 1 , ω 2 are homogeneous of respective degrees q 1 , q 2 , then ω is homogeneous of degree
Proof. If we denote by x the coordinates on M 1 and by y that on M 2 , we remark that Φ ∂x i (ω) = (Φ 1,∂x i (ω 1 )) ω 2 and a similar result for Φ ∂y j (ω). Therefore, ω and the iterates of Φ ξ (ξ ∈ Θ M 1 ×M 2 ) acting on ω generate E 1 E 2 .
Moreover, ω o 1 ⊗ ω o 2 does not belong to the vector space generated by the
, which clearly form a part of a basis of E o 1 ⊗ E o 2 , hence the strong pre-primitivity. Lastly, the homogeneity condition for ω directly follows from the formulas above.
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The reason to impose the third condition in the definition of a strongly pre-primitive section is to insure that, in the previous lemma, ϕ ω remains injective. Otherwise, if we set , 2) , and if we denote similarly the corresponding vector field on M 1 × M 2 , then ϕ ω (e 1 − e 2 ) = ω 1 ω 2 − ω 1 ω 2 = 0, so ϕ ω is not injective. Let us also note that the lemma holds if only one of the pre-primitive sections ω 1 and ω 2 is strong.
In conclusion, the tensor product is well-defined for pre-Saito structures equipped with a strongly pre-primitive homogeneous section. We say that the Frobenius manifold structure associated according to Corollary 1.25 to this tensor product is the tensor product of the Frobenius manifold structures corresponding to each term, although this is incorrect, strictly speaking. (Another approach to the tensor product is given in [Kau99] 
, and similarly with 'prime'. Then, by Corollary 1.7, there exists a universal deformation of (
, and the same corollary cannot be applied to the tensor product.
We can use Example 1.3 to overcome this difficulty. Indeed, let us denote by
We thus have
Let us note that the flat extensions of ω o and ω o are now strongly pre-primitive. From Lemma 2.1, we conclude that the flat extension ω of ω o ⊗ω o is strongly pre-primitive, and therefore the generating condition of Proposition 1.5 is fulfilled (even without using R 0 ), so a universal deformation of (M , E , ∇ , Φ , R 0 ) does exist. Moreover, according to Example 1.27 and if metrics g o , g o do exist, giving weights w, w , the tensor product of the corresponding Frobenius manifold structures is well-defined if we moreover assume that ω o , ω o are homogeneous.
Symmetric and alternate product of a Frobenius manifold
Let us fix a pre-Saito structure (M, E, ∇, R ∞ , Φ, R 0 , g) of weight w. For any r 1, we can consider the r-fold external tensor product as in § 2.1, with base space M r and vector bundle r E. Assume that ω is a strongly pre-primitive (respectively homogeneous) flat section of E. Then, we have seen that r ω is so for r E.
Moreover, we have a natural action of the symmetric group W = S r on the pre-Saito structure r (M, E, ∇, R ∞ , Φ, R 0 , g), and r ω is W-invariant.
It follows from Corollary 1.25 that ⊗ r E o is equipped with the r-fold tensor product Frobenius manifold structure, and the natural action of W is compatible with this structure.
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From now on, we only consider the situation of Example 1.27 (in particular, we assume that ω o and R o 0 (ω o ) below are eigenvectors of R ∞ with respective eigenvalues δ 0 and δ 1 = δ 0 − 1). Let us fix a pre-Saito structure (E o , R ∞ , R o 0 , g o ) of weight w (with base manifold M reduced to a point) with a homogeneous R o 0 -cyclic vector ω o ∈ E o . Let r be an integer at most two. Now, there is no difference between the external tensor product and the tensor product over C. On ⊗ r E o we have operators denoted by ⊗r R ∞ , ⊗r R o 0 : for instance,
These operators are W-invariant. Therefore, they induce on the symmetric product Sym r E o := (⊗ r E o ) W and on the alternate product ∧ r E o similar operators.
Let
constructed in Example 1.3, together with the flat extension ω = 1 ⊗ ω o of ω o . Then, by assumption on ω o and according to Example 1.27, ω is strongly pre-primitive and homogeneous.
The r-fold tensor product. The external tensor product
, equipped with the strongly pre-primitive homogeneous section r ω = 1 ⊗ (⊗ r ω o ). Its germ at the origin has a universal deformation with base manifold equal to the germ ⊗ r E o of ⊗ r E o at 0 that we denote by
The tangent map ϕ r ω of the embedding χ r ω :
This universal deformation defines a Frobenius manifold structure ( ⊗ r E o , , ⊗ r g, e, E) of weight D = 2 − rw. The natural action of W on ⊗ r E o is by automorphisms of the Frobenius manifold structure.
, thus obtaining a basis e o of ⊗ r E o . We denote by (x α ) the corresponding coordinates on ⊗ r E o . The r-fold symmetric product. The space (⊗ r E o ) W = Sym r E o has a basis obtained by symmetrization of the basis e o of ⊗ r E o . We consider the subspace Elem r E o generated by the symmetrization of the vectors e o α with α j ∈ {0, 1} for any j and α k = 1 for at least one k. It has dimension r.
Lemma 2.4. For any multi-index α, we have
The Grassmannian and alternate Thom-Sebastiani Lemma 2.6. The restriction
is a pre-Saito structure admitting 1 ⊗ (⊗ r ω o ) as pre-primitive homogeneous section. On the other hand, let us consider the restriction of (2.3) to Sym r E o or to Elem r E o . The action of W on the base manifold is equal to the identity, so these restrictions have a linearized W-action. We claim that
Proof. A basis of the tangent space to Elem
is the universal deformation with linearized W-action of
This follows from the W-invariant version of Proposition 1.5 and Corollary 1.7 explained after Corollary 1.13. 
Lemma 2.9. The restriction
is a pre-Saito structure admitting
Proof. The homogeneity condition is clear, according to the assumption. Let us also note that, for k = 1, . . . , r,
so the injectivity condition is clear. In order to check the generating condition, it is convenient to use the presentation of the algebra (E o , ) 
with primitive homogeneous section ω o .
Let us denote by the product on Θ ⊗ r E o given by the Frobenius manifold structure constructed above. By Lemma 2.4, we have 
Quantum cohomology of the Grassmannian as an alternate product of a
Frobenius manifold In this section, we consider Example 1.28 with its notation and we take r n. The assumptions of Corollary 2.10 are then satisfied. The germ Elem r E o is now a germ along the diagonal 
Alternate Thom-Sebastiani
This section, which is independent of the previous section, gives the necessary tools for the geometric interpretation given in § 4 of the alternate product of Frobenius manifolds constructed in § 2.2.
Holonomic D-modules and perverse sheaves with an action of a finite group
Let Z be a complex manifold (respectively a smooth complex algebraic variety) and let D Z be the sheaf of holomorphic (respectively algebraic) differential operators on Z.
Let W be a finite group equipped with a non-trivial character sgn : W → {±1}. For instance, W = S r is the symmetric group on r letters and sgn is the signature. Remark 3.2 (Q-perverse sheaves). The same result holds for Q-perverse sheaves G on any reduced analytic space Z, if G is equipped with an action of W by automorphisms, where ker, coker and ant are taken in the abelian category of Q-perverse sheaves. The point is that the antisymmetrization morphism a G is well-defined as a morphism in this category, as Hom Perv(Z) (G, G) is a Q-vector space. 
A similar result holds for Q-perverse sheaves on reduced complex analytic spaces and perverse cohomology sheaves of the direct image.
Proof. The first two points are clear by functoriality. We then have
ant , and as the sum of both modules is equal to H k g + M, we get the third assertion.
The Grassmannian and alternate Thom-Sebastiani 3.2 Alternate Thom-Sebastiani for perverse sheaves Let X be a reduced complex analytic space and let f : X → C be a holomorphic function. Let F be a perverse sheaf of Q-vector spaces on X. Consider the r-fold product X r = X × · · · × X with the function
and the perverse sheaf F r := F · · · F. Denote by X (r) the quotient space 2 of X r by the natural action of the symmetric group S r and let ρ : X r → X (r) be the projection. The space X (r) is a reduced analytic space (usually singular along the image of the diagonals, even if X is smooth). The function f ⊕r , being invariant under S r , defines a holomorphic function f (⊕r) :
The complex G := Rρ * F r is a perverse sheaf (as ρ is finite) and comes equipped with an action of S r . We denote by F ∧r = G ant its anti-invariant part (in the perverse category). If DF denote the Verdier dual of F on X, we have
The case dim X = 0. We assume that X is a finite set of points. A Q-perverse sheaf F on X is then nothing but the data of a finite-dimensional Q-vector space F x for each x ∈ X.
(1) If X is reduced to a point {x}, and if we set F = F x , then X (r) is reduced to a point and we have F ∧r = ∧ r F . (2) If X is finite, we use the compatibility with the direct image X → pt to see that Γ(X (r) ,
Example 3.5. Assume that X is finite and dim F x = 1 for any x ∈ X. Let D ⊂ X (r) be the image of the diagonals in X r . Then F ∧r |D = 0. Indeed, if x 1 = x 2 for instance, then F x 1 = F x 2 and F x 1 ∧ F x 2 = 0. 
X
(r) is usually denoted by Sym r X, but we do not use the latter notation to avoid any confusion with § 2.2.
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Fibre of F ∧r . Assume that, up to a fixed shift, the restriction at x 1 , . . . , x r of the perverse sheaf F is a sheaf (in the following, we forget about the shift, which applies uniformly to all of the sheaves that we consider). Applying Lemma 3.6 to Y = {x 1 , . . . , x r } and the case dim X = 0, we get F ∧r ρ(x 1 ,...,xr)
If for instance F is a shifted local system of rank one, we can apply Example 3.5 to obtain that F ∧r is a shifted local system of rank one on the complement of the image of the diagonals in X (r) and is zero on this image.
Application. Let X be a complex manifold, let p Q X = Q X [dim X] be the constant sheaf shifted by dim X (this is a perverse sheaf). Let us describe the perverse sheaf p Q As ρ * Q X r is a sheaf equipped with an action of S r , we can also consider the anti-invariant subsheaf (ρ * Q X r ) ant (in the sense of sheaf theory). We denote it by Q ∧r X . Proposition 3.7. We have the following. . This is a finite set of points. We can apply Lemma 3.6 to it, and then we can apply Example 3.5. This shows part (2) and the first equality in part (4). The second equality in part (4) is a consequence of the first equality and of Poincaré duality (3).
Poincaré duality (3) follows from (3.4) and the self-duality of p Q X . Except from Poincaré duality, similar arguments can be applied to Q Denote by p φ the functor of vanishing cycles shifted by −1 (see, e.g., [Dim04] ). This is an exact functor on Perv(X). Let C ⊂ X be the set of critical points of f with respect to F: by definition x o ∈ C if and only if the germ at x o of the perverse sheaf p φ f −f (x o ) F is non-zero. Let us assume that C is finite. Then, for any x o ∈ C, the germ of p φ f −f (x o ) F at x o is the direct image by the embedding {x o } → X of a finite-dimensional vector space E x o (vanishing cycles of (f, F) at x o ).
Let x 1 , . . . , x r ∈ X. According to the Thom-Sebastiani isomorphism for perverse sheaves with monodromy (see [Mas01, Sch03] ),
